In 2D topological insulators, it is inuitive to imagine a magnetic monopole inside the compact reciprocal space, carrying a quantized charge corresponding to the topological invariant. However, a theoretical formulation of such a physically appealing picture has proven challenging. Here, we suggest a simple and useful realization of magnetic monopoles in 2D topological insulators via analytically continuing the system to a third imaginary momentum space. We then illustrate the evolution of the magnetic monopoles across the topological phase transition and use it to provide natural explanations on: 1) discontinuous jump of integer topological invariants, 2) the semi-metallicity on the phase boundary, and 3) how a change of global topology can be induced via a local change in reciprocal space. This generic approach can be applied to studies of all topological states of matter to provide intuitive and convenient understandings alternative to existing considerations.
In 2D topological insulators, it is inuitive to imagine a magnetic monopole inside the compact reciprocal space, carrying a quantized charge corresponding to the topological invariant. However, a theoretical formulation of such a physically appealing picture has proven challenging. Here, we suggest a simple and useful realization of magnetic monopoles in 2D topological insulators via analytically continuing the system to a third imaginary momentum space. We then illustrate the evolution of the magnetic monopoles across the topological phase transition and use it to provide natural explanations on: 1) discontinuous jump of integer topological invariants, 2) the semi-metallicity on the phase boundary, and 3) how a change of global topology can be induced via a local change in reciprocal space. This generic approach can be applied to studies of all topological states of matter to provide intuitive and convenient understandings alternative to existing considerations. Magnetic monopole is one of the most puzzling particles in the fundamental physics. It stems from the very original study of electromagnetism [1] , then revives with modern interests of the gauge theory [2] , and more recently, grand unified and superstring theories [3] . Contrary to the electric charge that generates the electric field, magnetic charge (namely magnetic monopoles) does not exist in the elementary electromagnetism. Consequently, magnetic flux lines only form loops and cannot have a source or a sink in nature. Thus the duality of electric and magnetic fields is limited to only the cases without sources. In 1931, P.A.M. Dirac argued that the strict quantized value of elementary electric charge could be explained if there were magnetic monopoles [1] . After that, in 1975, T.T. Wu and C.N. Yang put forward the appropriate mathematical tool-fiber bundle [2] , whose integral formalism links the essential aspects of the properties to the topology of the gauge field, rather than details of the system. However, although a lot of promising programs are in progress [4, 5] , as a fundamental particle, magnetic monopole is still undiscovered in nature.
It is thus quite intriguing that magnetic monopoles can be pictured in topological states of matter, such as Quantum Hall effect [6, 7] , Topological Insulators (TIs) [8] [9] [10] , Weyl semi-metals [11] [12] [13] , and spin ice [14] [15] [16] [17] . For example, in 2D TIs, one of the most important class of topological matter, the topological invariant corresponds to the total flux of an effective magnetic field, the Berry curvature, over the entire reciprocal space. Figure 1(a) shows the commonly referred picture that once mapped onto the surface of a 3D d-sphere, the topological invariant appears to correspond to the total charge of the magnetic monopoles inside the d-sphere. However, other than referring to the long-sought magnetic monopoles, such a physically appealing picture offers little useful information. For example, through a topological phase tran-
(color online) Illustration of effective magnetic field in a 2D TI, and simple pictures on how the 2D reciprocal space can be mapped onto (a) a d-sphere and (b) a torus via wrapping. However, in either case, the actual structure of the magnetic monopoles inside the manifold is unknown.
sition, this picture offers no explanation how the total charge of the momopole jumps from one integer to another, nor why a semi-metallic state with few emergent Dirac points must exist in the phase boundary. It certainly does not address one of the most intriguing issue in the TIs: How can a change of the gloabl topology be induced by completely local changes in the reciprocal kspace near the Dirac points? Here, we will address this long-standing problem by hunting down the magnetic monopoles in the reciprocal k-space of 2D TIs (cf. Fig. 1(b) .) We will first illustrate the intrinsic difficulty in defining the third dimension and in wrapping the space. We then demonstrate that analytical continuation to the complex momentum space offers a natural solution in which 1) the magnetic monopoles emerge naturally in pairs at the "branch points" above and below the real axis possessing opposite total charge; arXiv:1802.05624v2 [cond-mat.mes-hall] 29 Sep 2018 and 2) the total charge below the real axis (or inside the torus) gives exactly the topological invariant. In essence, the robustness of the topology is mapped to the robustness of the total charge in the lower complex plane, a mapping intriguing even in the mathematical consideration. Finally, we will illustrate the evolution of the magnetic monopoles across the topological phase transition and use it to provide natural explanation on 1) discontinuous jump of integer topological invariant, 2) the emergent semi-metallic state at the phase boundary, and 3) how a change of global topology is induced via a local change in reciprocal space.
Let's first demonstrate the intrinsic difficulties of a straightforward approach to choose a third dimension and to wrap the space. Without loss of generality, consider the well-known BHZ model [18] expressed by a twoband Hamiltonian in the 2D crystal momentum k-and orbital m-space:
where
, where | k, j 0 is the eigenvector of the lower band of H. The Chern number [19, 20] (effective magnetic charge)
is then zero at negative M (a topological trivial phase) and C = 1 at positive M (a topological nontrivial phase) [18] . Note that owing to the Maxwell theories, the definition of Berry curvature B guarantees that the magnetic charge density
is zero anywhere when A is analytical. (Here for simplicity, the charge are expressed in unit of 1/4π to give a direct correspondence to their contribution to the Chern number.) Therefore, the magnetic monopoles can only exist when A and B are non-analytical. Now, to wrap the 2D manifold into a torus and to consider magnetic monopoles inside, one has to define a third dimension. An easy choice is to pick the M as the z axis. Since the negative and positive M now have distinct topological invariant, the singular M = 0 plane must have a topological defect, or a source of magnetic flux. Indeed, similar to the case of 3D Weyl semi-metals [11- 13], one would find a magnetic momopole of charge 1 at M = k x = k y = 0. Notice that the introduction of a third dimension in general produces additional k xk y components of the effective magnetic field, but they do not change the value of the Chern number on the original physical plane at M = 0 since only the normal component enters the Chern number (cf: Eq. 2). However, as shown in Fig. 2(a) , since the Chern number C = 0 below the M = 0 plane and C = 1 above, the symmetry of the flux line above and below must be broken by an additional "external field" that gives exactly a contribution of 1/2 to the Chern number, in addition to the irrelevant flux loops that do not contribute to the topological invariant. That is, the magnetic monopoles themselves are insufficient to give the essential physics in such a simple extension.
More serious generic problems occur during banding the space to wrap the physical 2D space (of a specific value of M ) into a compact manifold. As shown in Fig. 2(b) , irrespective to the banding the space, only half of the magnetic flux lines generated from a monopole pass through the surface of the torus, giving only C = 1/2. For the same reason, a magnetic monopole outside the torus actually gives C = −1/2 instead of C = 0. This is the basic reason for the necessity of the external field described above, and guarantees the same Chern number, whether the space is wrapped around M = ∞ or M = −∞. But, it also prevents the desired simple picture of just counting the monopoles inside the torus following the Gauss's law in a flat space, shown in the right panels of Fig. 2(b) .
To get around these seemingly inescapable problems, we propose to analytically continue the Hamiltonian to the complex momentum plane, by replacing the original k y with k y + i * z along the third dimension z. It has long been known [21] [22] [23] [24] that in insulators, such an analytical continuation into the complex momentum plane is necessary in order to include the complete set of eigenstates, including the localized states residing inside the band gap (whose decaying amplitudes require complex k). Consequently, the definition of bands should be extended into the band gap, and symmetry-unrelated two-fold degenerate states must exist at the so-called "branch point" where the bands from two sides of the gap meet.
In the context of our problem, the well-known eigenstate representation of the z-component of the Berry curvature for band j [25] ,
makes it clear that the effective magnetic field must diverge at these branch points due to the zero denominator from the degeneracy. That is, these branch points mark the location of the magnetic monopoles in this 3D space! Figure 3 illustrates the structure of the magnetic monopoles in this 3D space for a topological nontrivial case M = 0.2. For this specific Hamiltonian, the branch points correspond to a zero eigenenergy ± d · d and form a few closed strings in the 3D space.
One notice immediately that the locations of the monopoles have a mirror symmetry across the z = 0 plane and the total magnetic charge above and below the plane is exactly opposite. This generic symmetry provides the foundation for us to workaround the above problems. As illustrated in Fig. 3 , this symmetry guarantees that the magnetic charge above the z = 0 plane gives exactly the same contribution to the Chern number as that below. That is, the total contribution is just twice of that from the negative z space. At the same time, the infinite z = 0 plane can only collects half of the total flux from the negative z space, since it only covers a solid angle of 2π out of the full 4π angle. Together, it follows that after wrapping the space around z = −∞, the total flux passing through the torus from all the monopoles is the same as the magnetic charge inside the torus, and introduction of an external field is unnecessary. Thus, we have successfully built a quantifiable construction of magnetic monopoles to give the desired simple picture, in which the magnetic charge enclosed by the torus gives exactly the topological invariant.
To demonstrate the usefulness of this physically intuitive picture, we investigate below the generic evolution of the magnetic monopoles across the topological phase transition, to provide a simple picture for the following generic features: 1) how the topological invariant jumps from one integer to another, 2) the emergent gapless semi-metallic state, and 3) change of global topology through a local change in k-space. Fig. 4 shows the magnetic monopoles of the BHZ model, from a topological trivial phase M = −0.2 to a nontrivial phase M = 0.2, through the phase boundary at M = 0. In the topological trivial phase, the magnetic charge below the z = 0 plane (those inside the torus after wrapping) contains both positive and negative contributions that sum to a total zero charge, corresponding to a zero Chern number.
As the system approaches the topological phase transition, the tip of the string starts to move closer to the z = 0 plane, and the negative magnetic charge in red starts to accumulate toward the tip. Right before the phase transition (c.f. M = −0.01), exactly C = −1/2 amount of magnetic charge condenses into a singular point at the tip located at z = 0 − , and a +1/2 amount of charge on the other side z = 0 + . (Of course, this implies that the remaining positive contribution in blue This analysis also helps to realize the fundamental connection that allows a change of global topology via local changes in reciprocal space. By connecting the topological invariant (total magnetic flux through the torus) to the total magnetic charge inside the compact manifold via the Gauss's law, a discontinuous jump in the topological invariant is possible if (and only if) condensed point charges of macroscopic magnitude pass through the surface of the torus, a local phenomenon. This intriguing connection between global and local properties has profound mathematical implications. An understanding through residue theorem of the complex analysis will be discussed elsewhere [26] .
Our construction also gives a physically intuitive picture for the emergent gapless semi-metallic state. On their way to the other side, this pair of half-charged magnetic monopoles must reside exactly at z = 0 at the phase boundary M = 0, as shown in Fig 4. At this point, the corresponding eigenstates have purely real momentum k, meaning they become regular Bloch states within the standard band structure. Since these branch points mark the location where the bands above and below the gap meet, the gap must close right at the location of the condensed magnetic monopoles. In fact, there is a general proportion relationship between z and the gap size, and therefore the linear z(k) dependence at M = 0 shown in Fig. 4 implies a linear band dispersion near the gap-closed point in this model. In other words, in our construction, the commonly known "Weyl" points or "Dirac" points [11, 27] are nothing but a manifestation of the branch points reaching the real axis carrying a condensed magnetic charge.
It is important to point out that the swapping of condensed magnetic charges is a completely local phenomenon and the corresponding non-analytical "phase transition" can be more general than the typical topological phase transitions. While the topological phase transitions requires such a swapping, the latter does not necessarily lead to a distinct topological phase. There might exist non-analytical phase transitions that do not involve a change in the topological invariant, for example when such swapping take place at two places with the opposite sign of the swapping. (In such case, it might be possible to define a new topological invariant to capture the distinct features of the two phases, for example, the spin Chern number [28, 29] .) So, our scheme can actually cover a large scope of non-analytical transition than just the topological insulators.
In summary, we resolve a long-standing issue of quantitatively defining the magnetic monopoles in 2D topological insulators, by analytically continuing the problem onto a complex momentum space. In such a framework, the magnetic monopoles reside at the branch points that connect the band below and above the gap. The resulting simple picture has the desired feature that the topological invariant is given by the total charge of the magnetic monopoles inside the 2D compact manifold. We then show that this physically intuitive picture gives simple descriptions of topological phase transitions: the condensation of pairs of 1/2 magnetic charges of opposite sign, and their passing through the compact manifold. This description naturally explains the generic features of topological phase transitions: 1) how the topological invariant jumps from one integer to another, 2) the emergent of gapless semi-metallic state at the phase boundary, and 3) how the global topology can be induced by a local change in the reciprocal space. Our construction fills an important missing piece of the conceptual picture widely referred to in the literature, and proves to be a useful tool to offer microscopic explanation of almost all the details of bulk electronic structures in topological phases.
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